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How we got here

‘Hi Ohad, want to do a seminar at Birmingham?’

Six months later...

‘How about you do a seminar at Edinburgh first?’




What are we going to be talking about?

Digital circuits!
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What are we going to be talking about?
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Digital circuits!
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What are we going to be talking about?

We want a theory of digital circuits.
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These operations may look familiar to you!

Previous attempts foiled by



What came before

‘Towards an algebraic theory of Boolean circuits’

‘Diagrammatic semantics for digital circuits’



Enter stage left

David Sprunger

Indiana State University University of Birmingham

(and me)é




Syntax



Combinational circuit components

- AND gate B— disconnected

»

—@: fork —E— identity
—D-— OR gate
>

E— join :@: symmetry
— NOT gate
—E| stub

circuits 4 F |- only contain gates and structure.




Sequential circuit components

We need

false
true
|E— short circuit - F R ( )

Along with [}, models
Belnap’s four value
logic

circuits 4 F | may contain delay or feedback.




Building circuits

Circuits are morphisms in a
(STMCQ).
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Semantics



We need some meaning

Values are interpreted in a
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Let's make everything a function
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Feedback is interpreted as the

(x,y) = xuUy
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Functions are not enough

How do we model ?
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A V¥ is an infinite sequence of values.

Vo::v-]::V2::V3::VAZZVSZ:V6::V7::"‘

A V¥ — V* consumes and produces streams.

F(VoiVaiVaivy Vi) = Wo it Wq it Wy it Wy i Wy, o - - -
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Interpreting the sequential components

() s=Wae Lol llooo

—@—(vo::v1::v2::~--)::L::vozzv1::v2::~--

14



Maybe there are too many streams

Does every circuit correspond to a stream function
(VM)* — (VM)*?

No.

(but this is to be expected!)
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Circuits are causal and monotone

Circuits are
They can only depend

Circuits are
They are constructed from

Is that all? (but we'll get there)
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Some operations on stream function

Given a causal stream function f: (V™)“ — (V")* and an elementa € V™...

fla] € v
‘the first thing f produces given a’

fae (V)" — (V)"

‘how f behaves after seeing a first’

Hold on, these look familiar...
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An old friend

010

o
o EIH
George H. Mealy o

Mealy machine moment!

Stream functions are the states in a Mealy machine.
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Circuits have finitely many behaviours

Circuits have a finite number of components.
So there are finite number of states in the Mealy machine.
So the outputs of streams given some input must be

(There are finitely many ).
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These are the streams we're looking for

A stream function is the interpretation of a sequential circuit if and only if it is
causal, monotone and has finitely many stream derivatives.



Equational reasoning



We have a semantics for circuits as
But reasoning with streams can be a

Why not reason ?
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The two types of equation

- (= =

We want to stick to local equations
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What do the values do?

Axiom(s)

91 =19V —

For and 4 F |-, there exists such that Fl= .
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Splitting things up

the sequential and combinational components...

This is almost another Mealy machine moment... !

...but there is the non-delay-guarded trace!
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Do we even need it?

In industry, normally circuits must be

But this rules out some circuits!

(And also it would be cheating)
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Getting rid of non-delay-guarded feedback

Visa lattice...
The functions are monotone...

We can compute the in finite iterations!
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Getting rid of non-delay-guarded feedback
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Here's Mealy

For circuit

George H. Mealy
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Let's get (even more) structural

What more structure can we add?

is natural...

_g{:{g_ <>C:_<<<;
For any circuit... 4 F '(Z{ II:: :




Let’s (even even more) structural

Let's do the same for

49 e=—e —>e=—e C<>_—F_)=—o

For any circuit... | F e = —e
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F |-
—F-(:{ — F fe=—e
F |-

Cartesian!
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Running the simulation

Goal:
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Running the simulation

Axiom(s)

34



v S
e g (B )
O
QO

George H. Mealy
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We have defined a compositional theory of digital circuits.

Also defined an for sequential circuits!

[§ Ghica, Dan R, K., and David Sprunger (2022). A compositional theory of digital
circuits. URL: https://arxiv.org/abs/2201.10456.

(currently not the most up to date version...)

36


https://arxiv.org/abs/2201.10456

	Syntax
	Semantics
	Equational reasoning

