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Introduction

Digital circuits are ubiquitous in today’s society.

Normally evaluated by simulating

What about step-by-step ?
Ghica, Jung and Lopez (2016, 2017)

Not necessarily : problems with ‘instant’ feedback.



We will first recap the existing
Extend this to properly handle
Verify its correctness with and

See how this can be used as a ‘normalisation by evaluation’ for digital circuits.



Categorical semantics for
digital circuits



Circuit signature

V forming a lattice.
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Combinational circuits

Circuits are
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Combinational circuits: axioms

Behaviour defined using
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Combinational circuits: extensional equivalence

We also consider

CHA - B - O

Fand G are



The prop of combinational circuits

generators + axioms

+ quotient by extensional equivalence = CCircy



Temporal circuits

Combinational circuits are

is represented by a new generator

-O-



Temporal circuits: axioms

—Oe = —e (Lo- = [—



The prop of temporal circuits

CCircy + —()— +axioms = TCircy
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Sequential circuits

Sequential circuits have delay and

We freely add a

TCircy + trace = SCircy
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Sequential circuits

Theorem (Ghica and Jung, 2016)

SCircs is cartesian.

We can and data.
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Sequential circuits: unfolding

Traced cartesian categories admit the

Crucial part of the operational semantics!

rule.

)
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Evaluating digital circuits



Productivity

For the aim is to reduce to a ( ) sequence of values.
F ”
= O
O

Circuits that do this are called
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Delay-guarded feedback

Some circuits have

where F is combinational.

Theorem (Ghica, Jung and Lopez, 2017)
Circuits with delay-guarded feedback are productive.



Cyclic combinational circuits

But not all non-delay-guarded circuits are unproductive!
c
D
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These are called
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Unproductive circuits

However some non-delay-guarded circuits unproductive...
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Unproductive circuits — what to do?

Ban non-delay-guarded circuits?

This would mean we can’t model cyclic combinational circuits.
Also implies we are working in a category with

We would lose the rule.
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Eliminating ‘instant’ feedback

Our gates are , S0 they must have a

Filn) =)

Because the value set V is finite, we can always find this fixpoint!
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Eliminating ‘instant’ feedback
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Productivity, redux

For any circuit , there exists values @— and circuit such that

circuits are productive!
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Is this all correct?

We have the existing axiomatisation of digital circuits to work with

But is it correct?

We must compare with the
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The denotational semantics of circuits

Circuits m — n = functions (V™)¥ — (V")~.
How do we translate a circuit into a stream?

We will take a route via
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Mealy machines



Mealy machine

Mealy machines are a kind of
Sets of S, M, N

Given input m € M and state s, € S we have:

. T(s1)(m)=s,€S
. O(s1)(m)=n € N.

A Mealy machine also has a

m|n
m/’n/
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Mealy machines: bisimilarity

Mealy machines have a notion of

If two machines are , then they are bisimilar.
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Props of mealy machines

By setting M and N to powers of V, we can define a prop of Mealy machines.
A morphism m — n is a Mealy machine with inputs V" and outputs V".
We can define composition, tensor, trace...

We interpret circuits as Mealy machines using a functor [—].
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Interpreting SCircs

Source of in our circuits:
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Interpreting SCircs

...and
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Interpreting SCircs

Gates don't have any ‘internal state’.

To interpret circuit morphisms, combine with composition, tensor, trace...
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Interpreting SCircy

Do all the axioms of SCircs hold in this prop?

For any F,G € SCircy, if F = G then [F] and [G] are bisimilar.

Can we return to a circuit from an arbitrary Mealy machine?
Should be possible, rudimentary task in circuit design.

But first, how do we get to ?



Streams



The final Mealy coalgebra

A Mealy machine is a of the functor R(S) = (S x N) in Set.

This means there is the notion of a

31



The final Mealy coalgebra

Mw — N¢

<O,T>J l(hd,tl)

(NxSM L (N x (MY — N¥))M

We compute the h:S— (M—=N“)asO0::00T::00T?::---

The resulting stream is the given an
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Periodic streams

For now, we focus on circuits.

Our circuits are in nature.
They may produce an infinite sequence of outputs, but it will be

A stream o is if it has a finite and an infinitely reoccurring

Vo iViii- - iVp g VpiiVpiq i Vpir q:iVp iiVpgq -
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From periodic streams to closed circuits

In the case, the carrier of the final coalgebra is N“.

Vo iiViiieo iVp qiVpiiVpiqii--Vpyrq:iiVpiiVpiqiie-:
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From periodic streams to closed circuits

SCircs + only closed circuits = CSCircs

Periodic streams over V" for some n = PCStreamy

CSCircs = PCStream,,.
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Normalisation by evaluation

We can translate a closed circuit morphism into a Mealy machine, then into a
periodic stream and back to a circuit.

The resulting circuit will be a of values.

This is a form of
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Conclusion



Conclusion

Refined the for circuits to eliminate
Reduce circuit to a of values.

Circuits implement , SO we can show...
Isomorphism between and

Can be used as a form of

Next step: - translating arbitrary Mealy machines back to circuits
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